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the heat-transfer rate. The effect becomes less noticeable,
however, as y increases.

The oncoming boundary-layer thickness 8 is expressed in-
directly by S* and its main effect is found in its influence on
the dividing streamline velocity Ud. For the case of con-
stant external flow conditions, $* is proportional to w/Sb.
Also under these conditions 6 is proportional to $&1/2. Thus,
S* is proportional to S~2 and (if £* < 0.01) Ud and Td - Tw
are both proportional to 5~2/3. The net result is that the
local heat-transfer rate is proportional to 5~4/3. That is,
increases in the oncoming boundary-layer thickness will de-
crease the convective heat-transfer rate within the cavity.
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Transient Nonlinear Deflections of a
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Length by Numerical Methods
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Introduction

THE exoatomospheric deployment of a long slender radio
antenna from an accelerating space vehicle may be

dynamically idealized as a cantilever beam of uniformly
varying length in a constant gravity field (Fig. 1). The
dynamics problem consists in determining, at any instant of
time, the relative position and velocity vectors of every point
along the beam, i.e., the instantaneous deflection and ve-
locity distribution curves. Qualitatively, if the beam is

Fig. 1 Antenna deployment geometry.

fairly stiff, and deployment is slow, then the transient de-
flection curve will be close to the static deflection curve
associated with the unsupported length at that instant.
Conversely, if the beam is very flexible and/or deployment
is rapid, the deflection of the free end will approach the ^gt2

value.
A numerical method of solution is applied to this problem

because deflections and slopes are expected to be large, well
into the nonlinear region; and the antenna is nonuniform
with a discontinuous distribution of mass and stiffness.
The continuous beam structure is replaced with an equivalent
lumped-parameter system of elastically coupled rigid bars.1"4

The accuracy of the approximation improves with an in-
creasing number of bars in the equivalent system. For the
present, an equivalent system of six bars has been selected
as a compromise between accuracy and computational time.

Equations of Motion for Equivalent System

As shown in Fig. 2, Ri, R2, . . . , R& are the lengths of the
beam segments selected so that each segment has uniform
properties, i.e., up to five discontinuities may be accommo-
dated. Each segment is replaced with an elastic hinge at
its center connecting rigid bars leading to the adjoining seg-
ments. The hinge spring constants (Kj) correspond to the
rotational deflection of an individual segment under uniform
bending moment, i.e.,

The rigid bars (/Si, &,

and the corresponding masses

my = J(mass of R3 + mass of

., $6) have lengths calculated

Si = %Ri

j > 2

The equations of motion are obtained from Lagrange's equa-
tions for the six degree-of-freedom system where 63- =
inclination of the/th bar with the coordinate axes (Fig. 2).

The system of equations may be written as

Ai& = Be, i,j =[1,2, . . .6

where the AH coefficients and Bt terms are functions of 6n,
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Fig. 2 Equivalent six-bar system.
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Fig. 3 Instantaneous deflection curves (G = 154.56
in. /sec2)

6n, Rn,Sn, mn, G, etc. The expressions are as follows:
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Fig. 4 Instantaneous deflection curves (N = 6).

Solution of the AH system of equations yields the Bn at
any instant of time as determined by the system configuration
(Bn and 6n) at that time.

The equations of motion are integrated using an iterative
method that calculates Bn(t + At) and Bn(t + At) by making
use of linear extrapolation over small time increments;
more sophisticated methods depending on parabolic or higher
order extrapolation were found to be unnecessary.

Now, it is also necessary to replace the uniform motion of
the beam with an equivalent discontinuous motion of the
six-bar system. The velocity V associates time intervals
TI, TZj . . . , T& with segments Rit R*, . . . , R& where Tn =
Rn/V. Starting at t = 0 with the free end of RI over the
support (x = 0, y = 0), the beam is indexed outboard an
amount Ri and spends a time TI in that position. With
only one bar active (&), the iteration procedure solves the
1 X 1 system of equations

For the next interval of time T% i.e., from t = TI, to TI +
77

2, the beam is indexed an additional amount R2. Thus,
two bars are active (Si and $2), and the system equations
AijBj = Bi] i, j = 1, 2 are solved each iteration cycle. The
procedure continues until the entire beam is cantilevered and
the complete system of 6 X 6 equations are solved each
iteration.

Numerical Example

A preliminary design case considers a 38.4-in. long antenna
deployed in 1.6 sec from an accelerating vehicle. The de-
ployment velocity of 24 in./sec is at right angles to the ac-
celeration vector. The antenna is a slender uniform steel
rod of rectangular cross section (0.036-in. wide and 0.010-in.
thick) with bending along the thinner dimension; thus,

El = 0.0942 Ib in.2 and w = 1.078 X 10^4 Ib./in.

The analysis objectives were to determine the transient de-
flections and velocities for a range of vehicle accelerations.

Figure 3 contains graphs of instantaneous beam deflection
at various instants of time for vehicle acceleration of 154.56
in./sec2. The deflection curves are shown at the instants
when integer multiples of one-sixth antenna length are canti-
levered, i.e., at N = 6, the entire length is cantilevered.
In the initial phases of beam motion, the cantilevered length
is small, the beam is hence very stiff, and transient deflection
is small. Since beam deflection varies with the fourth power
of length, deflection increases very rapidly in the latter
phases of motion. Comparing the dynamic deflection at
N = 6 with the superimposed graph of static deflection for
the fully-extended beam shows a considerable amount of
overshoot immediately before the antenna base is arrested
and locked in the fully-extended position. The subsequent
nonlinear vibration may be obtained with a simple extension
of the present analysis; i.e., apply the required arresting
forces at the beam base, and let deployment velocity equal
zero for a period of time following N = 6. This would re-
solve questions of maximum overshoot deflection and possi-
bility of impact with vehicle and associated maximum bend-
ing stress at the base of the beam.

In Fig. 4 are compared dynamic deflection curves (for
AT = 6) at several values of vehicle acceleration. As ex-
pected, deflections and associated velocities decrease with
decreasing acceleration, but not proportionately.
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Introduction

THE problem of interest here is that of expanding a two-
dimensional gas jet into a quiescent medium. The jets

studied are highly underexpanded at their entrance into this
medium and subsequently form a classical freejet plume with
its attendant barrel and terminal shock waves. The objective
of the present study was to provide a suitable means of pre-
dicting the terminal shock's position relative to the jet exit
plane for jet nozzle Mach numbers equal to or greater than
one. Motivation for such an effort has come principally from
the field of jet interaction controls where experimental and
theoretical studies have indicated that the terminal shock
height is a significant scale length. Hence, a definite need
exists for a simple model of the two-dimensional freejet (cf.,
Ref. 1 for further discussion of this point).

Experimental Apparatus and Results

The test apparatus was a flat plate upon which was mounted
two-glass-ported side plates for viewing the two-dimensional
freejet. The jet issued from a 6-in. span sonic nozzle, flush
mounted in the flat plate surface. This entire assembly was
installed in a wind-tunnel test cell which served as a controlled
pressure reservoir; the reservoir pressures P^ being set at
either 2 psia or 5 psia for these tests. Three sonic jet nozzles
(nominal throat widths of 0.005, 0.020, and 0.030 in.) were
tested for a range of jet stagnation pressures which varied from
0-1200 psia, the jet stagnation temperature being constant at
520°R. The flow rate of the jet supply air was measured in-
dependently with a standard ASME orifice plate flow meter.

Experimentally observed values of the centerline jet-plume
shock height hs (nondimensionalized by the effective nozzle-
exit throat width be) are presented in Fig. 1. Also shown are
some recent data from Sheeran and Dosanjh2 who tested
weak jets over a limited range of back pressures. Both sets of
data are well represented by the relation!

hs/be = Pe/Pb (1)
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Fig. 1 Two-dimensional freejet terminal shock heights
for sonic jets.

To the best of the authors' knowledge, Fig. 1 represents the
totality of experimental two-dimensional freejet terminal
shock data.

Discussion of Results
One of the principal goals of the present effort was to test

the validity of presently available analytical models for the
two-dimensional freejet problem. The more sophisticated
models employ the method of characteristics to compute the
freejet interior flow and thereafter determine the position of
the jet shock by either assuming the terminal-shock back pres-
sure, Pb, to be Pco, or by making some statement about the
triple point configuration at the plume termination. The
first of these assumptions has more or less stood the test of
time for the axisymmetric problem and its application to the
two-dimensional problem seems quite natural. Comparison
of the solutions so generated by Vinson3 and Sterret and
Barber4 with experimental results also given in Fig. 1. A sec-
ond approach, derived from Abdelhamid and Dosanjh,5 is also
given in Fig. 1. The first two solutions differ from the experi-
mental data only by a proportionality constant, and there
seems little justification at this point for the added complica-
tions advocated in Ref. 5. The exact cause for the observed
difference between the theories and the experimental data of
Fig. 1 is virtually impossible to isolate among the multitude of
possibilities, but there seems little doubt that it is because of
differences in detail and not in concept.

Since the two-dimensional experimental data of Fig. 1 was
for air expanded through sonic nozzles, the influences of the
specific heat ratio ye and the jet exit Mach number, Me, were
in question. However, Vinson3 had used his characteristic
solutions to show that there was no appreciable specific heat
ratio influence for 1.2 < ye < 1.4, but that there was strong
dependence on the jet exit Mach number. Although there
was no two-dimensional experimental evidence to contradict
Vinson7s results, it was felt this point needed further study.
An attempt was therefore made to use the large reservoir of
axisymmetric freejet data to supplement the two-dimen-
sional sonic data. The vehicle for this effort was to be the
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